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SOME HIGHLY HOMOGENEOUS GROUPS
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LARRY DORNHOFF(l)

ABSTRACT.   We study finite rank 4 permutation groups which are solvable

and imprimitive, with a regular normal subgroup.   This means determining those

groups N with a solvable automorphism group A which has only three orbits on

the nonidentity elements of N.

0. Introduction. The rank oí a transitive permutation group G on a set fi is

the number of orbits on fi of the subgroup Ga fixing a point a € Í2.   All groups

discussed in this paper are finite.   Solvable rank 2 groups (doubly transitive

groups) were classified by Huppert [7] in 1957.   Solvable primitive rank 3 groups

were classified by Foulser [3] and independently by the present author (unpub-

lished).   Solvable imprimitive rank 3 groups with a regular normal subgroup were

classified by the present author [2], and solvable primitive rank 4 groups were

classified (with finitely many exceptions) by Foulser [3].   In this paper we study

imprimitive rank 4 groups with regular normal subgroup.   There are too many for

a complete classification; we do get a complete classification in some cases, and

some interesting examples and a general description of the groups in other cases.

If G is a solvable imprimitive rank m permutation group on the set Í2 and N

is a regular normal subgroup of G, let  G    be the subgroup fixing a € fi.   Then

GaN - G, Ga n N = 1.   By Theorem 11.2 of [12], Ga is an automorphism group of

N acting with m—1 orbits on N   = N — il!.   Conversely, if N is any group with a

solvable automorphism group A having m — 1 orbits on N  , then the semidirect

product G = AN is a solvable rank m permutation group with regular normal sub-

group N; G will be imprimitive if and only if A fixes some proper subgroup of N.

Thus our problem in this paper is to classify those groups N with a solvable auto-

morphism group A having only three orbits on N   (all such N's will turn out to be

solvable).   The main results ate stated in Theorems 1.1, 2.1, 3.1 and 4.1.

Because it is important for us in several places, we restate here the main

theorem of [2].
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Theorem 0.1. Let M be a finite group, B a solvable automorphism group of M

ig with only two orbits on M - M - \l\. Then we have one of the following:

(i) M is an elementary abelian p-group for some prime p.

(ii) For some prime p, M is a direct product of cyclic groups of order p  .

(iii) For primes p and q, the polynomial (Xq — l)/(X - 1) is irreducible over

GF(p), and M is a Frobenius group of order qpm(a~   ' (m an integer).   Here M has

an elementary abelian Frobenius kernel of order pmt'q~l\

(iv) For some integer n > 2 which is not a power of 2, and some automorphism

6 ¿ 1 of GF(2n) of odd order, M = A(n, 0) = ((a, 0 e GF(2") x GF(2") | (a, ¿)(z3, 9>=

(a+ß,tl+-n + aße)\.   Thus  |M|=22".

(v)  For some integer » > 1,  M = B(n) = ¡(a, O e GF(22") x GF(2") | (a, Q(ß, rj)

= (a+/3,£+ -n+aß2np + a2nßp-l)\,where p £ GF(22n) has order 2" + 1.   Here

\M\ = 2  ", and M does not depend on p.

(vi) For some odd prime p and integer n > 1, choose e £ GF(p n) such that

e+**"« 0.   Then M = C(p, n) = {(a, £) £ GF(p2n) x GF(p") | (a, 0(/3, r/) =

(a+ ß, £ + 77 + y2(aßp   - ap ß) e)\.   Here   \M\ = pin, and M does not depend on e.

(vii) M is an extra special 3-group of order 3    and exponent 3.

(viii) M = P(í), where  |P(f)| = 2  , e is a multiplicative generator in GF(2  ), and

PU) = ¡(a, O e GF(26) x GF(23) I (a, 0</3, r, ) = (a + ß, Ç + 77 + aß2< + a8ßl6c8)\.

Futhermore, all these groups except   \M\ — 2    have such solvable automor-

phism groups  B;  in case (i), one orbit of B can be H  , a7zy proper subgroup H of M.

From now on throughout this paper, N is a fixed finite group and A a solvable

automorphism group of N having three orbits on  Ar = N — \l\.   For any £-group X,

ß.(X)= \x €X\x*  ml\, 0!'(X)= \xpl\x £ X|,0(X)= Frattini subgroup of X.

1. The case when N is abelian.

Theorem 1.1.  Let N be a finite abelian group, A a solvable automorphism
11

group of N with three orbits on N .   Then we have one of the following:

(1) \N\ = p, p a prime with p = 1   (mod 3).

(2) N is elementary abelian of order p    > p  , for any prime p.

(3) N is a direct product of cyclic groups of order p  , for any prime p.

(4) N has exponent p    and is not cyclic, for any prime p.

(5) N is cyclic of order 4.

(6) N = P x Q, P an elementary abelian p-group, Q an elementary abelian q-

group, p ]í q  primes.

Moreover, all the groups in (1)—(6) occur.

Proof.  Suppose first that N has exponent p.   If N is elementary abelian of

order p" > f>3, let B, C, D be subgroups of iV such that N=BxCxD, B^l,
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C jí 1, D /=■ 1.   Let GR» Gc, Gn be solvable matrix groups over GF(p) which (as

linear transformations) act transitivel

group of all matrices with block form

u        u        u

linear transformations) act transitively on   B   , C  , D  , respectively.   Then the

x e G„, y £ Gc, z £ Gn  is a solvable group acting transitively on the sets  B  ,

(B x C) - B and N - (B x C); so N is such a group.

Suppose N has exponent p and order p .   If p = 2, then A = 1  is an automor-

phism group with three orbits on N .   If p > 2, let  /V = A x B, |A | = \B\ = p, and

let T be the multiplicative subgroup of  GF(p)   = GF(p)- \0\ of index 2.   Then

the group of matrices of the form

c :)•
x £ GF(p) , y £ GF(p), z £ T is transitive on A    and has two orbits on N - A,

so zV is a group of the theorem and all groups in (2) occur.

If \N\ = p, a prime, then  |Aut(N)| = p - 1.   If p = 1  (mod 3), then Aut(N) has

a subgroup of index 3 with 3 orbits on N  , while if p £ 1  (mod 3) no such subgroup

is available.   The groups of (1) and (2) are all the groups of exponent p.

If /Vis of exponent p3 then Oj(/V)# = 02(/V)# and Ü2(N) - íl^N) = Ö^/V)-

0  (/V) are two orbits of A; /V must be homocyclic (a group of type (3)).   If N is

homocyclic, say  |/V| = p3nl, let T = ¡a e Aut(/V)| a is trivial on N/<t>(N)\.   Easy
3 3

counting arguments show that  |T| = pm    and |Aut(/V)| = p     |GL(t7z, p)\.   By Satz

II.7.3 of [6], GL(7?z, p) S Aut(/V/$(/V)) contains an element djQ of order />m - 1,

so Aut(/V) also contains an element di oí order pm — 1.   The solvable group {d/)T
il

is transitive on  N - Q2(N), fi2(N) - Q^N) and Sl^Nf, so the groups of (3) occur.

If N is of exponent p    and not homocyclic, say N = B x C, \B\ = /* m, |C| =

/>  , B homocyclic of exponent p  , C elementary abe lian, then we have  m > 0,

n > 0 so 1 < üV/V) < Q (/V) < N is a characteristic series of /V.   Let  7 =

ia £ Aut(/V)|a is trivial on N/ ül(N)\ and U = ]a e Aut(/V)|a is trivial on

fi.(/V)i.   Then T and (7 are normal subgroups of Aut(zV).   Easy counting arguments

show that  \T\ = pm2 + m" = \U\ and |7 O l/| = p"A so  |rt/| = ¿>m2 + 2mn.   Using

Satz II.7.3 of [6], we can find automorphisms ß, y of N such that /3 and y each

fix groups B and C, and  j8|c = lc, ß\B has order pm - 1, y|_ = 1„, y|c has

order p" - 1, (/3) transitive on (B/ Ö l(N)f, (y) transitive on C .   Certainly /3
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and y centralize each other, so H = (ß, y)TU   is a solvable subgroup of Aut(N).

(ß) < H is transitive on \}l(N)# since ü\n) ^B/Ul(N) as <j8)-modules (x —.

xp is a (/3)-isomorphism).   If x, y £ fij(/V) - Ü  (N), then there is a power y' of

y with x '   = y  (mod Ü"  (A/)).   Then there is r £ T with xy T = y, so (y) T < H is

transitive on Ííj(/V)- U  (A/).   Finally, if x, y £ N - ÛAN) then there is a power

/37' of ß withx^' = y (modiïj(zV)) and a p £ U with xß,ß=y, so (/S)I/< H is transi-

tive on  N - Q.(N).   Therefore H has only three orbits on N , and the nonhomo-

cyclic groups of (4) occur.

If N is homocyclic but not cyclic of exponent p  , let N = B x C, B and C

homocyclic of exponent p  , say  \ß\ = p     , \C\ = p c, b > 0, c > 0.   Let S be a

solvable group of automorphisms of ß/0. (B) transitive on (B/Í2 (B))   and let £

be a solvable group of automorphisms of C/i2j(C) transitive on (C/0AC)) .   Then

N/QAN) = Bilji/VVOjiN) x CQjC/VVQji/V) » B/Qj(B) x C/íijíC).

Let § be the group of all automorphisms r of N such that the automorphism of

N/ÛAN) induced by r fixes Sß (N)/ü (N) and has block matrix form

O
/S e $, y € C   In particular, § contains 3" = ¡r e Aut(/V)|r is trivial on /V/iij(/V)l,

a group of order p(a + è) .   We see that § is transitive on Ü^Nf, BÜ^N)- Qj(zV)

and  N — BQ.(N).   Therefore the homocyclic groups of (4) occur.

Now let A? be cyclic of order p ; then Aut(N) is abelian of order p(p - 1).

Suppose H is a subgroup of Aut(N) with three orbits,   x —> xp is an H-isomorphism

from N/QAN) to 0.(A/), so f/ has the same number of orbits on Q,AN)   and
tí M

(A//iîj(A/))ff; H has only 3 orbits on N , so this number must be 1.   Since H is

transitive on iî,(A/)#, p - 1 divides \H\; hence   |/V| is p - 1 or p(p - 1).   If  \H\ =

p(p — 1), then H = Aut(AJ) has only two orbits on N , a contradiction.   If  |f/| =

p - 1, then H has p + 1 orbits on N ; p + 1 = 3 implies p = 2, |/V| = 4, so the group

of (5) is the only cyclic group of order p    occurring.

This completes the study of abelian p-groups.   The only other abelian groups

that can occur are those in (6), since N   can only contain elements of three dif-

ferent orders.   The groups of (6) do occur, for if N = P x Q, \P\ = p  , |Q| = q  ,

P and Q elementary abelian, let S be a solvable subgroup of Aut(P) transitive on

P    and C a solvable subgroup of Aut(Q) transitive on Q  .   Then A = B x C acts

naturally on N, with orbits P  , Q   and N - P - Q on N  , as desired.   This com-

pletes the proof of Theorem 1.1.
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2. The case when two or more primes divide   \N\, N nonabelian.   In this

section, we prove

Theorem 2.1. Let N be a finite nonabelian group with \N\ divisible by two

or more distinct primes, A a solvable automorphism group of N acting with only

three orbits on N .   Then we have one of the following:

(1) Ai is a Frobenius group with kernel a homocyclic abelian p-group of

exponent p    and complement of order q, p ■/ q primes with (Xq - 1)/(X — 1) z'rre-

ducible over GF(p).

(2) N is a Frobenius group with kernel an elementary abelian p-group and

complement of order q, p ¿ q primes with  (X   — 1)/(X -I) irreducible over GF(p).

(3) N is a Frobenius group with kernel a p-group occurring in Theorem 0.1

(iv)—(viii) and complement of order q, p /=■ q primes.

(4) N is a Frobenius group with kernel an elementary abelian p-group P and

complement Q of order q, p ¿ q primes with (Xq — 1)/(X — 1) a product of two

irreducible factors of degree  l/i(q — 1) over GF(p), all Q-submodules of P isomorphic.

(5) N is a Frobenius group with kernel an elementary abelian p-group and

complement cyclic of order q   , p jí q primes with (X      — 1)/(X   — 1) irreducible

over GF(p).

2       2
(6) N is a Frobenius group with kernel elementary abelian of order 3,5,

2 2 2
7,11   or 23    and complement quaternion of order 8.

Moreover, all groups in (1), (2) and (4)—(6) occur, and infinitely many groups

in (3) do occur.

We first ask if  |/V|  can be divisible by three different primes p, q, r.   If so

and N is solvable, let   PQ be a minimal normal subgroup, say a p-subgroup.   Since

some p-elements are in a minimal normal subgroup, all must be; taking their

product, N has a normal elementary abelian Sylow p-subgroup P.   Nothing in zV - P
ii

centralizes anything in P   (there are no pq- or pr-elements), so N is a Frobenius

group with Frobenius kernel P (see p. 348 of [8]).   If L is a Frobenius complement

in zV, then  L = QR, Q and R Sylow q- and r-subgroups of zV, respectively.   Now

QP and RP are Frobenius groups with Frobenius complements Q and R, and Theo-

rem 13.3(3) of [l] implies \Q\ = q, \R\ = r, \L\ = qr.   Now the same theorem shows

L is cyclic.   Thus N has an element of order qr, a contradiction.

If N is not solvable, let N„ be a minimal normal subgroup of N.   By a theo-

rem of Burnside (Theorem 6.3 in [l]), distinct primes p, q, r divide |Nq|.   (zVq

solvable would force A to have at least four orbits on zV .)   If A is a solvable

subgroup of Aut(N) with only three orbits on N   and M is the product of all A-

conjugates of N0, then  NQ and hence M are direct products of isomorphic simple

groups.   If M = S x S X' • 'X S, S a simple group, then all three orbits of A
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intersect M and hence are in M; M = N.   If N = S x S x — has at least two factors

then N has an element of composite order, a contradiction.   Thus  N = S is simple.

Results on p. 468 of [4] (groups of "Type A") show that N = PSL(2, 2") for some

n > 2, since in N the centralizers of 2-elements are 2-groups and the Sylow 2-

subgroups are elementary abelian.(2)

If q = 2", then   \N\ = q(q + l)(q - 1).   Theorem 38.2 of [l] shows that zV

contains an element a of order q - 1 and an element b of order q + 1.   Ii q + 1   is

not a prime then some power (not 1) of b has order strictly dividing q + 1 and N

has elements of four different orders, a contradiction.   So q + 1  is a prime, and

similarly q — 1  is a prime; 3 must divide  ç - 1 or q + 1, so we must have  3 =

? - 1, 4 = </, zV = PSL(2, 4)= A,.   Letting each Sylow 2-subgroup of A    corre-

spond to the point it fixes, we see that an automorphism fixing all five Sylow 2-

subgroups of A    fixes all five points permuted and must be trivial; this proves

Aut(A   ) = S .   A    has 24 elements of order 5, 15 elements of order 2, and 20

elements of order 3.   A is transitive on these sets, so 24, 15, and 20 divide   \A\;

this means 120 divides  |A|, but A < S   so A = S     a contradiction since S    is

not solvable.   This completes the case when three primes divide   |/V|.

Lemma 2.2. // A and N are as in Theorem 2.1, then N is not nilpotent. The

Fitting subgroup Fit(N) of N is a p-group and zV/Fit(/V) is a q-group, for distinct

primes p and q.

Proof. We have just seen that N is a p, g-group.   If N were nilpotent, say

zV = P x Q, Q a 9-group and P a nonabelian p-group, then Aut(zV) fixes (P1) , Q  ,

P - P' and N — P — Q, hence has more than three orbits on N .   Therefore N is

not nilpotent.   Fit(iV) is nilpotent, so we see similarly that Fit(/V) is not a p,

«7-group.   We may therefore assume  PQ = Fit(N) is a p-group.   Assuming p\ \N/PQ\,

we seek a contradiction.   A//P0 nilpotent would give N a normal p-subgroup larger

than Fit(N), a contradiction.   So we set  F/PQ = Fit(zV/Pn) and get a character-

istic series  1 < PQ< F < N.   We must have  F/P Q a g-group and N/F a p-group,

and A must be transitive on Pn, F - P0 and N - F.   Since F has no elements of

(*■) The referee has pointed out that this argument implicitly assumes the Feit-

Thompson theorem on solvability of groups of odd order to show  |zV|  is even, and has

contributed the following argument showing that Feit-Thompson is not necessary.

Let p., p., p,  be the three prime divisors of  |jV|.   If P . is a Sylow p.-subgroup

and  1 t¿ x . e Z . = Z(P .), then  P . = CN(x .).   Since all p .-elements of N are conjugate, any

p .-element x pi is in the center of a unique Sylow p .-subgroup.   Since each  Z. is a

T. I. set, we obtain a counting equation  |/V|-1 = 2.    ,(|Z .| - l)|zV:/7.| where zV¡. = N   (Z.).

If  IzVUti, Iff,!-A, |/V.:Z.| = a.wehave 1 -7i_1 = 23      (oT'-AT1), Of 1 - I3   , a"1 =
r i       * '   v       r '   i     v       i i = 1    i i i =1   i

n~   — 2.    , h~   < 0.   If a, < a, <a„ this forces a, < 2.   a, = 1 would make ¿V a Frobenius
1=1    z 123 1 1

group with complement Z., a contradiction, so a   = 2 and 2| |zV|.
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order pq, F is a Frobenius group with kernel PQ, and Theorem 13.3(3) of [l] shows

\F/P0\ = 1'

Let Q be a Sylow (/-subgroup of F.   NN(Q) O PQ = 1, so NN(Q) is a comple-

ment to PQ in N by a Frattini argument.   Let  Pj  be a Sylow p-subgroup of NN(Q),

so NN(Q) = PjQ and P = PqPj   is a Sylow p-subgroup of N.   Choose  1/ï£ Z(P)

nP0.    Pj normalizes Q, so  P* normalizes Qx; but  Pj = P* while Qx /= Q.   There-

fore some elements of NN(Q) (those in Pj) normalize more than one Sylow z/-sub-

group.

Let S = U   6 N\ N N(Q) - Q\n.   Since 5 is A-invariant we must have S = N - F.

But  \N- F\ = \F : P0\ (\N : F\ - 1)\P0\.   The number of groups  Q", n £ N, is  |Pn|,

and  \NN(Q)-Q\ = \F : P„| (|A/ : F| - 1), so 5= A/- F forces 5 to be a disjoint

union.   This contradicts the conclusion of the previous paragraph.

Lemma 2„3.   Lez" A, N and P = Fit(N) be as in Lemma 2.2, with A transitive

on N - P.   If P is homocyclic of exponent p  , then N is the group of Theorem

2.1(1).   All such groups occur.

Proof.  Let Q be a Sylow a-subgroup of N.   Then N = PQ.   Elements of N - ?

all have order q, so N has no elements of order pq and is a Frobenius group with
i,

kernel P and complement Q, \Q\ = q.   A must be transitive on  N - P, iîj(P)   and

P - flj(P).   We form AN (semidirect product).   AN/P, being transitive on

(P/ClAP)f, is a primitive linear group on  P/flj(P); Q » QP/P<AN/P, so

P/flj(P) is a direct sum of some number m of isomorphic irreducible Q-modules.

Since A is transitive on N — P, NA(Q) is transitive on Q  .   Hilfssatz II.3-11 of

[6] now implies that irreducible Q-submodules of  P/ÛAP) have order pq~   ; hence

(Xq - 1)/(X - 1) is irreducible over GF(p).   By Lemma 2.1 of [il], P = Pj x • • •

x P    where each P. is Q-invariant, each  P./0,(P.) Ö-irreducible, each P. homo-
m i *~ ' z        1v    r   *■ ' i

cyclic of order p   q~     and exponent p .

This group N does occur.   For let P be homocyclic of exponent p  , \P\ =

p2m(«-U  q a pr¡me such that  (x<? _ ,_y(X _ :) js irreducible over GF(p).   We

saw in [2] that  GL(q - 1, p) has a solvable subgroup of order  (q — \)(pq~    — 1),

the subgroup of semilinear transformations.   We also saw by computing   |Aut(P)|

that every automorphism of P/fi.(P) can be realized from an automorphism of P.

Hence there is a subgroup (a, b) of Aut(P) such that a has order pm — 1 on P.

Also, if c £ (a) has order q, then (b), of order a - 1, transforms c to each of its

nonidentity powers.   Let T = |a £ Aut(P)| a is trivial on  P/Oj(P)K   T < Aut(P)

and (a, b) < ^Aut(P)^c^ normalizes CT((c)), so A = (a, b)CT(c)P acting by con-

jugation is a solvable automorphism group of N = (c) P.   We claim that A is transi-

tive on  N - P, P - flj(P) and OjiP)".

Cn(c)= 1, so P is transitive on each coset c'P /=■ P.   (b) is transitive on
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(cf, so (b) P < A  is transitive on N - P.   (a) < A has order pm(q- l) - 1 =

|Oj(P) | on Oj(P) and is transitive on iij(P) .   Similarly, (a) is transitive on the

set ¡xO (P)|x £ P - ß (P)\ of cosets.   We will show that CT(c) is transitive on

any coset xiî.(P), x e P-0,(P); if y £ 0,(P) we will find a e C_(c) with xa =
1 l : 2 '     q-2

xy.   Denote by  P,  the subgroup of P generated by x, xc, xc  , • • ■ , xc       ; we

have Xe"'   =x°(xc)ll---(xcq~2)q-2 and Pj = (x) x <xc) x • • • x <xc*~2> for

some exponents  z'0, z., • • •, z  _    e Z.   We define a £ T by xa= xy, (xc)a= xcyc,

9-2 9-2     9-2
•••>(x )=x y ,a=lona (c)-invariant direct complement to   Pj in

P.   For 0 < / < q — 3 we have

-A„ .    J+Ka. J*1     gt*1 .    CÍ    cKr- .    A
y = (x   y

/   c\ca     i  c'     \<x       c'       c' i  c'   c'\c      i   c'\ac
(x    )     = (x )   = x y = (x    y    )    = (x    )    ,

so we have ac = ca ii and only if (xc       )ac = (xc       )ca.

q-2 q-2      q-2 q-\      q-1
I   c        \ac      i   c c        \c c c
\x )     = (x y )    - x y

and

(A*'V= (x',"V-*,y° ••• ixcq-2)«-2i/q-2)*-2

-q~l  !'r,. ~J,        . rq~2A

y
°iyc)l.-.iyc^  T«-2,

9—1 f n 1. 9 — 2   £
so ac = ca if and only if yc        = y   (yc)    • • • (yc       ) q~  .   This must be true,

since  P/Q,.(P) = Oj(P) as (c)-modules via the isomorphism"z —» zp so c must

have the same minimal polynomial on   P/i2j(P) and Oj(P).

Lemma 2.4.   Lei A, N and P - Fit(zV) be as in Lemma 2.2, with A transitive

on N — P.   If P is elementary abelian, then N is the group of Theorem 2.1(2).   All

such groups occur.

Proof.  Let Q be a Sylow tj-subgroup of N, so N = PQ.   Elements in  N - P

all have order q, so N has no elements of order pq and is a Frobenius group with

kernel P and complement Q, \Q\ = q.   We form the semidirect product AN.

First suppose AN/P is a primitive (not necessarily faithful) linear group on

P. Then Q = N/P O AN/P, so P is a direct sum of some number m of isomorphic

irreducible 2-modules. Since A is transitive on N - P, also N^(2) is transitive

on Q . It follows from Hilfssatz II.3.11 of [6] that irreducible Q-submodules of P

must have order p9_1; so \P\ = pm(9-1) and (X3 - 1)/(X - 1) is irreducible over

GF(p), N is the group of Theorem 2.1(2).
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Second suppose AA//P is a reducible linear group on P.   In this case, since

AN/P has only two orbits on P  , there is a unique group PQ, 1 < PQ < P, fixed

by AN/P.   A is transitive on  p\, P - PQ and N - P.   Since  PQ < AN,

AAZ/C^^Pq) is a linear group on PQ.   Being transitive on  PQ, AN/CAf.(PA) is a

primitive linear group on PQ.   Q « ÖC^P^/C^Pn) < ^/C^ÍP,,), so  PQ

is a direct sum of isomorphic irreducible Q-modules.   As in the previous paragraph,

irreducible Q-submodules of P must have order pq~  .   Thus (Xq — 1)/(X — 1) is

irreducible over GF(p).   Since  N = PQ is a Frobenius group, all irreducible Q-

submodules of P have order p  ~    and hence all are isomorphic.   N is the group

of Theorem 2.1(2).

Finally suppose AN/P is an irreducible but imprimitive linear group on P.

Let  P = Pj© •• • ©P , the  P. spaces of imprimitivity, and let T »

ig £ AN | g(Pj)= Pj!; T must be transitive on P*.   Since  £> S N/P O AN/P and

AN/P is transitive on S = \P  , • • •, P \, Q is half-transitive on o; orbits of ¡3 on

ö have length ? or 1.   If of length a, and vQ £ P., then the subgroup of P generated

by \vyQ \y £ Q\ has order pq.   However, if Q = (x) then the annihilator polynomial

of x on v0 divides (X9 - 1)/(X - 1 ); hence this subgroup has order < pq~  ; we

have proved that Q fixes all groups P..   Hence Q — N/P O T/P, where  T/P is

a primitive linear group on P..   This means that P    is a direct sum of isomorphic

irreducible Ç-modules, and as in the previous two paragraphs we find that irre-

ducible Q-submodules of Pj  must have order pq~  .   Again N is the group of

Theorem 2.1(2).

If p is odd, this group N = PQ  does occur.   For choose 0 £ GF(p™ q~    ) of

multiplicative order 1A(pm —  1 ), A £ (0) of order q, and define mappings

a: v — dv, b: v -. vp, c: v -. Xv fot all v £ GF(pm(q~1)y = P.   (a, b) is a group

of semilinear transformations of P, c € (a) has order q, and  (a)<¡(a, b).   Let  Q =

(c); then N = PQ  is a Frobenius group of the desired type.   A = (a, b)P acts by

conjugation on  N O A.   GF(p)(X) = GF(pq~   ), so (6) is transitive on Q .

Cp(ö)= 1, so P is transitive on clP fot any coset clP £ P.   The last two facts
w,   m(q— 1 )    . .

mean that A rs transitive on  N - P.   Let S = \a £ P\a/2KP ~l> = 1 ¡, T =
if ...

P — S. Since b is an automorphism of GF(pm q~ ), we see that (a, b) fixes 5

and T; but (a) is transitive on each set, so A has exactly three orbits N - P, S

and 7 on N*.

If p = 2, N = PQ does also occur.   For choose 0 e GF(2m(9_1)) of multipli-

cative order (2m{q~l) - l)/3, A e GF(2'n(9"1)) of multiplicative order q, and

define a: v —*6v, b: v —> v  , c: v —> Xv, all v £ GF(2m q~    )+= P.   Then consider

A = (a, è) P as an automorphism group acting by conjugation on  N = (c) P; c   = c

and P acts transitively on any coset clP ¿ P, so A is transitive on N - P.   The

ij Í2m1^/^
orbits of a on P   are 5 = jaeP|a ' i = l! and its two cosets rS and
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r S, so (a, b) P has two orbits S and rS U t S on P .   This completes the proof of

Lemma 2.4.

Lemma 2.5. Let A, N and P = FitOV) be as in Lemma 2.2, with A transitive

on N - P. If P is nonabelian, then N is the group of Theorem 2.1(3). Infinitely

many such groups occur.

Proof.  As in the proof of Lemma 2.4, N = PQ is a Frobenius group with

\Q | = q.   A is an automorphism group of P with only two orbits on P  , so P must

be one of the nonabelian p-groups of Theorem 0.1.

To see that infinitely many such groups occur, let  P = A(n, 6) as in Theorem

0.1 (iv).   We know from [2] that if A e GF(2*) has order 2n - 1, then if/: (a, Ç) —

(Aa, A  +  £) is an automorphism transitive on (P')   and (P/P') , and if T =

¡a e Aut(P) | a is trivial on P' and P/P'f then (ifr) T has only two orbits on P .

If a £ Aut(GF(2")), we easily see that $a: (a, 0 ~* (a , Ç,   ) is an automorphism
1 2!

of P; if a: x —.xA then í>~ \f> <ba = <A    , so each «t»^ normalizes (i/z).

Now choose an odd prime q such that (X   — 1)/(X — 1) is irreducible over

GF(2), choose an integer m > 0, set n = m(q - 1), and choose AQ £ GF(2  ) of

multiplicative order q.   Define z/Vq e Aut(P) by if/Q: (a, £) — (A0a, Aj     £); zV =

(t//0)P is a Frobenius group.   Define  a   £ GF(2") by o : x —» x   and set <J> ■

$    .   i®, *(f)P, acting as an automorphism group of N by conjugation, is transitive
0 u ij

on  N — P and (P ) , since (0) acts transitively on (^0)   .   (dj) is also transitive

on \xP   \x £ P - P  |.   As in the proof of Lemma 2.3 we find that   A =

(0, dj) C Ai/zn) P is transitive on   P - P', completing the proof.

Lemma 2.6.  Let A, N and P = Fit(zV) be as in Lemma 2.2, with A transitive

on P .   Then N is a Frobenius group with complement Q a Sylow q-subgroup. Q

is cyclic of order q, cyclic of order q   , or quaternion of order 8.

Proof.   If N is not a Frobenius group, then N contains elements of order pq

and since A has only three orbits on N  , P and Q are elementary abelian.   If

x e P#, then CN(x) = PCQ(x), |CQ(x)| = |CN(x)|9>   Since A is transitive on P#,

|Cn(x)| is the same for every x £ P .   Since /V is not Frobenius and not abelian,

1 < C0(x) < Q.   Write   P = Pj x • • • x Pfe, the   P¿ irreducible ^-modules.

If k > 1, choose x. £ P#. for each z; then CQ(Xj +• • •+ xk) C CQ(x;) for every

z, so we must have equality for every z.   Fixing xl £ Pj and letting x2, — , x¿

vary throughout  P2, • • • , Pk, and then fixing x2, • • • , xfe and letting Xj vary

through Pj, etc., we eventually get A^j) = CQ(x) for every x £ P  , CQ(x]) =

C^iP) = 1, a contradiction.

Therefore ¿ = 1, and Q acts irreducibly on P.   Fix y £ Q    and note that
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1 < Cp(y)< P.   If yt £Q and x £ Cp(y), then xy . yx, x   ly = yx   \x   l 6 Cp(y),

Q fixes C„(y), contradicting Q-irreducibility of P.

Therefore N is a Frobenius group with complement Q.   By Theorem 13.3(3) of

[l], subgroups of Q of order q    ate cyclic.   A has only two orbits on N - P, so Q

has exponent q ot q  .   Q can have only one subgroup of order a, and Theorem 32.4

of [l] shows Q is cyclic or quaternion.

Lemma 2.7.   Let A, N, P and Q be as in Lemma 2.6, with Q cyclic of order q.

Then N is a group of Theorem 2.1(2) or (4).   All groups of type (4) occur.

Proof.  The semidirect product AN acts transitively on P   and has at most two

orbits on  N - P.   Q S Ñ/P <¡ AN/P and AN/P is a primitive linear group on P,

so P is the direct sum of isomorphic irreducible Q-modules.   ^AN(Q) must have

at most two orbits on Q  , so Hilfssatz II.3-11 of [6] implies that irreducible Q-

submodules of P have order p  ~    or p .   If of order p       , N is the group of

Theorem 2.1(2).

We show that the case p also occurs.   Assume primes p, q ate related

as in Theorem 2.1(4).   Inside  GF(p 2m    ~    ) fot some m > 0, let p be a multipli-

cative generator and X an element of multiplicative order q; define a: a —'/xa,

b: a -*ofi, c: a — Xa for all a e P = GF(pY2m{q~1))+.   Conjugation by ¿has two

orbits on (c)  .   Let N = (c)P and A = (a, b)P, acting by conjugation on N.   A can

be chosen to be a root of either of the two irreducible factors of (X   - 1)/(X -1).

Lemma 2.8.   Let A, N, P and Q be as in Lemma 2.6, with Q cyclic of order

q .   Then N is a group of Theorem 2.1(5).   All such groups occur.

Proof.  Here the semidirect product AN is by conjugation transitive on P   and

has two orbits, elements of order a and elements of order q  , on N — P. Q =N/P<¡
if

AN/P and AN/P is a primitive linear group on P , so P is the direct sum of iso-

morphic irreducible ß-modules.   NA(Q) must be transitive on Q - 0AQ), so

Hilfssatz II.3.H of [6] implies that irreducible Q-submodules of P have order

p9(«-n

We must show this case does occur.   So suppose p and c are primes such that

(Xq   - \)/(Xq - 1) is irreducible over GF(p).   Inside  GF(pmqlq~l)) tot some

m > 0, let p be a multiplicative generator and À an element of multiplicative order

a2; define  a: a — i¿a, b: a -» ap, c: a — Aa for all a £ P = GF(pmq{q~ U)+.   Con-

jugation by ¿> sends c to all elements in (c) - (c9), and is also transitive on

(cq)  .   Let N = (c) P and A = (a, fc) P, acting by conjugation on N.

Lemma 2.9.  Let A, N, P and Q be as in Lemma 2.6, with Q quaternion of

order 8.   Then N is a group of Theorem 2.1(6).   All such groups occur.



286 LARRY DORNHOFF

Proof. Here AN is by conjugation transitive on P   and has exactly two orbits,

elements of order 2 and elements of order 4, on  N - P.   Q ^ QP/P <S AN/P,

Z(Q) £í Z(Q) P/P <¡ AN/P and AN/P is a primitive linear group on P; this means

that P is a direct sum of isomorphic irreducible 2-submodules and a direct sum of

isomorphic irreducible Z(Q)-submodules.   Therefore if Z(Q) = (z) then xz = x~   ,

all x £ P.   For any odd prime p, all faithful irreducible  G F (p)Q-modules have

dimension 2 (and are isomorphic).

We first consider the possibility  \P\ > p ; in that case   P=Pj© •••©?,,

k > 1, the   P. isomorphic faithful irreducible Q-modules, |P.| = p   for all z.

Ö ^ ÔCAN(P)/C^N(P) O AN'/CAN(P), where  G = AN/CAN(P) is transitive on P#

and isomorphic to a subgroup of GL(2k, p).   Since   Pj   is an absolutely irreducible

GF(p)Q-module, Theorem 25.9 of [l] applies and says that if V is a /e-dimensional

vector space over GF(p), then there are projective representations  T: G —'

GL(Pj), U'.G -» GL(V)such that P ^ PX®V.    Denote Gj = T(G)Z(GL(P x)\

G2 = U(G)Z(GL(V))\ Gj and G2 arc subgroups of GL(Pj) and GL(V), respectively,

and  Gj x G    acts naturally on  P    ®V   by an action satisfying (gj, g2)(u ® v)-

g.u ®g,f,   all g. € G., u £ P  , v £ V.   If G is transitive on P , then G, x G

must be transitive on (P. ® V) .   But S - \u ® v\u £ P., v £ V  \ is a proper
U ii

subset of (Pj®  V)   fixed by G. x G , so G cannot be transitive on P .

We have proved that  \P\ = p2.   AN/CAN(P) is isomorphic to a subgroup of

GL(2, p) = Aut(P).   Q « QCAN(P)/CAN(P) < A/V/CAN(P), so there is a quaternion

subgroup Q of GL(2, p) acting on P, and AN can only be transitive on P   if

NGLi2,p)& is transitive on P#.   |/VGU2t/))«?>l divides |Aut(ß)| \CGL(2¡p)(Q)\ =

24(p - 1) and |P#| = (p + l)(p - 1), so  NGL,2 p)(Q) can only be transitive on P#

if p + 1  divides 24.   This means p £ ¡3, 5, 7, 11, 23!.

These five groups all occur, and form case (6) of Theorem 2.1. To check

this in case p = 5 is easy. Let A be a multiplicative generator of GF(5) . We

see in the proof of Satz II.8.10 of [6] that

is a quaternion subgroup of GL(2, p).   Computation shows that

"a mAs>=« *-')•(! "M» D)

and that  ^CL<2 „AQ) ls transitive on P  .

The other four values of p satisfy p = 3 (mod4), and we can use the methods
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of §11.8 of [6], where the fact SU(2, p2) ££ 5L(2, p) is proved.   If A £ GF(p2)

has order 4, then

generate a quaternion subgroup of SU(2, p  ).   (If V is a 2-dimensional vector

space over GF(p  ) with basis \w., w  \, these matrices preserve the hermitian

form (axwx + a^, ßlWy + ß2^2) = afíp + a2ßP2 on V.)  Choose a, c £ GF(p2)

satisfying   N(a) = aap = - 1 and cp = - c ^ 0.   Define a new basis for V by zz. =

i*! + fli"2, u2 - cwx - caw  .   If  TA and Tß  are the linear transformations induced

on V in the basis \w,, wA (so Tß(w  ) = - w  , Tß(w  ) = w.), then  T^ and T„

have matrices in SL(2, p) in the basis \u., uA.   This must be true, since the

proof of Satz II.8.8 of [6] shows that all linear transformations in  1/(2, p ) have

matrices in GL(2, p) with respect to the basis iiZj, uA.   (Note that the  zz  , zz

here are preferable to the  zzj, u    in [6], since the latter do not satisfy  (zz  , zz  ) =

— (u7, u  ), needed in the proof.)

We also find by computation that the unitary matrices

V-l    -X/     and \yA    -yXj

normalize (A, B), where y   = - yA, y £ GF(p  ).   Let f(X) be the irreducible poly-

nomial for a over GF(p).   We find that the following values of c, A, y will suffice,

and we list some matrices in  A/GL(2 .AQ) obtained by writing TA, Tg, Tc, Tß

in the basis  fzzj, zz.i:

p /(X) c A y Q NGU2JQ)GLo.pr

3        X2 + X-l a2       a2       a3

7        X2-3X-1        a2        a2       a2

C, l). (i :0
\-l   oj'   \3 2/ \5 2/

n x»-«.. -. / ..  (_" 0- (-.i')   G ■')

« *'♦*.,  «- .«» .«   (Si)-Ci»)   ("^■(í¿)
For each value of p, it is easy to check that the matrices under Q give a

quaternion subgroup of GL(2, p), and all the matrices given in Q and NG, ,_ 0\(2)

generate a transitive group on the nonzero elements of a 2-dimensional  GF(p)-

vector space P.   We also know NGLr2 f,)(Q) ls transitive on Q - Z(Q), so if we
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set  N = QP, A = NGL,2 p)(Q)p acting on N by conjugation, then A has only three

orbits on N  .

This completes the proof of Lemma 2.9.   Lemmas 2.2—2.9 together constitute

the proof of Theorem 2.1.

3. The case when N is a p-group of class 3-

Theorem 3.1.   Let  N = P be a finite class 3 p-group, A a solvable automor-
u

phism group of P acting with only three orbits on P  .   Then we have one of the

following:

(1 ) P is a 2-group or a 3-group.

(2) \P/P'\ = p2 and \P\ is p4 OT-p5.

(3) P has exponent p.

Moreover, some groups in (1) and (2) occur.   If p is a prime > 5, n > 2,

e £ GF(p2n) satisfies e + cp" = 0, and g: GF(p2n) x GF(p2n) ~* GF(p2n) is a

function satisfying g(a, 0) = g(0, a) = g(a, - a) = 0, g(Aa, Ao) = A2 + i> g(a, 8),

and

gia, 8) + g(a +8, p) = gi8, p) + g(a, 8 +- p)

for all a,8,p,X £ GF(p2n), then  P   = S (a, ß, y) £ GF(p2n)x GF(p")x

GF(p2n)\(a,ß,y)(8, (,cp)=(a+8,ß + (+ lÁ c-(a8p" - ap"8), y + <p +

lA(a( - 8ß) + ((a¿8p   + ap 82)/8 + g(a, 8))\ is a group in (3), at least when

pn = 2  (mod 3).

Remarks.   The reader should have little difficulty verifying that some groups

in (1) and (2) occur.   We resttict our study to primes p> 5  here.   The cases  p = 2

and p = 3  are harder, for two teasons; the p-groups need not be regular, and more

p-groups for these values of p occur in Theorem 0.1.   (We will see that  P/[P, P ]

must be a group occurring in Theorem 0.1.)   Groups occurring in (3) must be much

like the groups   P  ; same orders, same commutator maps   P/P   x P/P   —*

P'/[P, P'land P/P' x P'/[P, P'] — [P, P'Letc.   But we have not been able

to determine whether the groups  P    are the only groups in (3).   We also do not

know whether, for given p", the groups   P    are all isomorphic.   (Note that for any

re GF(p2n),

gia, 8) = r[2a1+p"o + a^S2 + a2S"" + 2a8l+p")

is an allowable function g.)

In this section we denote   P2 = [P, P ].   We need the following

Lemma 3.2.   Let  G = (g) be a cyclic group of order m, p a prime, p-\m.   If d
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z's the largest degree of an irreducible  G F (p) G-module, then the degree of any

irreducible  GF(p)G-module divides d.

Proof.  The semisimple ring GF(p)G has form GF(p)G S Fj© • • • ©Fr, the

F. finite fields which are the irreducible  GF(p)G-modules.   Each F.   must be

generated over GF(p) by the projection of g onto the z'th summand; the latter must

be a / ,th root of 1, some  t. dividing m.   Therefore  F. is a splitting field of

X * - 1 over GF(p) and is a subfield of  K = GF(p)(£), £ a primitive mth root of 1

over GF(p).   Therefore d = dimGF,  *K = dimp K • dimGF,  .F¿, proving that dimF.

divides d.

Proof of Theorem 3.1. Since P has class 3, P > P' > P, > 1 and P has a
tí

solvable automorphism group A transitive on P2, P  — P? and P - P . Necessarily

Z(P) = P2 and 3>(P) = P'.   By Satz VI.2.3 of [6], we can find a Hall p'-subgroup

H of A and a Sylow p-subgroup Q of A such that A = HQ = QH.   Let V be either

P/P', P'/P2 or P2.   p-MV#|, so there is a u e V# such that Q Ç Av.    Then A =

HA    must contain \H\ • \A   \/\H n A   I = \H : H  | • |A   I  elements, and   |A :A   I =
V '    '      <    v'   ' v'       ' v'      '    v' ' ' u1

\H:Hj.   This means that H is transitive on (P/P'f, (P'/P2f and P\.   By Satz

III.3.18 of [6] we also know that H is faithful on P/P ¿   Throughout the rest of

this proof we shall assume p > 5, and prove that (2) or (3) holds.

If  |P/P'|< p2,then   |P/P'| =p2, say P/P' - (aP') x(bP').   P'/P2 must be

generated by  [a, b] P'  , and transitivity of H on (P'/P2)   shows \P'/P  \= p.

Finally, P'   must be generated by  [a, [a, /?]] and [b, [a, b]].   P- has exponent p

by transitivity of H on P,, so  |P2| < p    and P is the group of (2).

Suppose now that  |P/P' | = pm > p2.   Set  |P'/P2| = p".   By [7], H must act

as a group of semilinear transformations on  P/P .   Therefore there is f £ H,

(rf) O H, \(0\ divisible by (pm - l)/(m, pm - 1).   As in [2], there must exist "con-

jugate bases" zz0, "j," •, «w_j and v Q, v j,- • •, vn_l of P/P' ® GF(pm) and

P'/P2 0 GF(pm), respectively, with z/;£ = A^V and v.f - A"'<1 + <,B)i;., where A

is an eigenvalue of c; on P/P   and v. is a scalar multiple of [zz., u      .] in° Z Z 7Z+ Z

L ® GF(pm), L the Lie ring of P.   (Note we are in the case  n = r = J^zzz of [2],

since   P/P2   must be the grpup of Theorem 0.1(vi).)

We have   [u., v .]rf = Xpl + p!(-1 + í'")[zz¡., v .], so either  [zz., y.] = 0or

Àf +f>      +i      is an eigenvalue of f on P, ® GF(pm).   H is a primitive linear

group on   P'   and (O <I W, so  P    is a direct sum of isomorphic irreducible (not

necessarily faithful) (f )-modules.

Suppose that 0/ [u., n.J.   Since f. is a scalar multiple of [zz., u     .] this

means  [zz., [zz., u      .]] ¡¿ 0, and the Jacobi identity then implies that either    [u.,

t«B+y» ",]] ^ 0 or [»n+ -, ["¿» "■]] ^ 0.   In particular, ["„ + ;-, ",-] /= 0 or [u., u] ¿ 0
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for values of i and / with / < n.   The only nonzero  [us, u^l are the terms   [u,,

u     , ] or [zz     ,    zz, ] (by [2]), so the inequality  [u      ., u .] / 0 forces i = j and the
n + k n + k'     k ' ' '        77 + 7'     z '

inequality   [u ., u.] / 0 fotces z' = n + j.   We conclude that the only terms   [zz., v .]

which can be nonzero ate the terms   [uQ, zyQ], [ux, ^j]v* • • , bv„_ j> v      A, \m  , vA,

[a     i, v.],* ••, [a,   „j)1'  _jl-   The izz.i and SA are conjugate bases; this means

that if (ct) is the Galois gtoup of GF(pm) over GF(p), then zzQ = zz  , — , z/ =

"2.-1' A-i - A> A = V"> A-2 = A-i' A-i = V  Appiy^g fft°

the list of terms   [uQ, zvQ], — , [a     _ ,, v  _ j] shows that any one of them is non-

zero if and only if all of them are nonzero.   Since P has class 3, some must be

nonzero, so all are nonzero.   Denote wQ = [uQ, v0], w   = [u  , v A, • • •, w2      ,=

["2,-1'Vl1   We have

«o0£=[«0, i»01£«[«0£ «/0Í1=[A«0, A1+* t^l-A2^"«,^

ia> £ = À í' + í>       t^  , • - -, and we find that the following numbers are eigenvalues

of rf on P2 ® GF(pm):

(*)

Xl+2pn,)iP+2pn*\...,kP'"1*i*2H~l.

Denote   t = |<£)|,   so   t   divides   p2" - 1   and   is   a   multiple   of

(p " - 1)/(2t2, p " - 1).  We wish to show the list (*) contains more than n distinct mem-

bers; then Lemma 3.2, the fact that P2 is a direct sum of isomorphic irreducible (£)-

modules, and the fact the w. span P   ® GF(pm) together will imply that   \P2\ =

p * and (£) acts irreducibly on P2-

The exponents in the list (*) satisfy the inequality

2 + p" < 1 + 2p" < 2p + p" + 1 < p + 2p" + 1
(I)

<...< 2p""1 +P2"-1 <pn~l + 2p2"-1

and are therefore all different.   Two eigenvalues can only be equal if the corre-

sponding exponents are congruent modulo /.

If 72 is even, the  (n + 1 )th term in (I) is 2p"     + p"+ "      , the smallest term

is  2 + p  , and we have

(2p"/2 + p"+<"/2>) - (2 + p") < p"+<"/2> < (p2" - l)/2« < t,

where only the next-to-last inequality requires proof.   It is true for p   = 5  .   For
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other allowed values of p", we have   3« < p"/2, so  2n < p"/2 - l/(p" +("/2)),

2np" + ("/2)<p2"- l.and  p"+<"/2)< (p2" - l)/2„.

If zz > 3  is odd, the  (n + 1 )th term in (I) is p("-!>/2 + 2p" + (""1>/2) the

smallest term is  2 + p", and we have

(p(""1)/2 + 2p"+<"-1)/2) - (2 + p") < 2p"+("-1)/2 < (p2" - l)/2» < t,

where only the next-to-last inequality requires proof. For all allowed values of

p" we have 5zz < p("+1)/2, So 4n < p("+!>/2 - l/(p" +<"" ')/2 ), 4tzP"+ (*~ ')/2 <

p2n - 1, and 2p" + ("-1)/2 < (p2" - D/27Z.

We conclude in both cases that rf has at least n + 1  distinct eigenvalues on

P2, so  P2  is an irreducible (rf)-module, |P2| = p2" = |P/P'|.

Since P has class 3, any four-term commutator is 1 and P   is abelian.   xP      '

x    is therefore a homomorphism from  P /P- to P2.   Its image, a characteristic

subgroup of P, cannot be all of  P2 and hence must be trivial; P   has exponent p.

Since  P/P2  is a group of Theorem 0.1 (vi),   it also has exponent p.   Since

p > 3, Satz 111.10.2(a) and Satz 111.10.8(c) of [6] tell us that P is regular and for

any x, y e P we have (xy)p = xpypcp = xpyp, some c £ P'.

If the map x —> xp from P to P2 is nontrivial, it will be a (rf)-isomorphism

between P/P' and P? and f will have the same eigenvalues on P/P ®GF(pm)

and P2 ® GF(pm). In particular, A2+i>" will equal Ap' for some 0 < i' < 2n, and

we will have

2 + p" = p1'    (mod f).

We will show this last congruence is impossible, and hence that P has

exponent p.  Since 2 + p   < t, fot the inequality to hold we must have n < i < 2n - 1,

2 + p" < p\   Let p2n - 1 = zzi, so d\2n,t\ (p¿ - p" - 2).   The facts  / | (/ + p" - 2)

and  z | (2p2" - 2) imply that t | (2p2" + p" - p¿), so Í | p"(2p" + 1 - p¿~").   Since

(/, p)= 1, this means  2p" + 1 5e p'~n (modi).   1 < p'~" < p", so this forces

t < 2p".   Thus   p2n - 1 = td< 2pn ■ 2n, p2n < 2p" • 2tz, p" < 4zz, the desired con-

tradiction.   P must have exponent p, and be a group of Theorem 3.1(3).

Now let  P    be as in the statement of Theorem 3.1.   This family of groups

was constructed with the methods of [5] and [2],   Knowledge of all the  [u ., u.]

and  [zz., v.] enables one to construct the commutator maps  [ , ]: P/P   x P/P   —'

P'/P   and [ , ]:P/P   x P /P    — P .   Elements of P are then represented as

triples  (a, ß, y), and multiplication of triples must satisfy the commutator laws

computed, the definition of a group, and the requirement that if À is a multiplica-

tive generator of GF(p ")   then £: (a, ß, y) —*(Xa,X  +p ß, À   +p y) must be an

automorphism of P.
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We discuss the verification that  P    is a group with the desired properties.

We easily check that  (0, 0, 0) is an identity element in P  , and that (- a, - ß, - y)

is an inverse of (a, ß, y) with respect to this identity.   Using the property

g(8, p) + g(a, 8 + p) = g(a, 8) + g(a + 8, p) oí g, we check the associative law;

so  P    is a group.   Next we verify that rf : (a, ß, y) —♦ (Aa , A1 +p ß, X2 + p y) is

8 2   o"
an automorphism of P , using the fact g(Aa,A§) = A   +p g(a,8).

Let / be the group of all automorphisms of  P    which are trivial on   P  /P  .
_ S SS

For any  o£ GF(p), we easily check that 0^ £ I, where <f>a.:(atß,y) —►

(o, ß, y + a a).   This means that for any x £ P   - P', Í3>   | a £ GF(p2n)\ is transi-
8 8

tive on the coset x(P )2.   Computation shows that (8, 0, 0)     (a, 0, 0)(£, 0, 0) =

(a, e(a8p" - ap"S), something).   If e(a8p" - ap"S) = i(aSp" - a"^) for some 8

and Sj, then a(8 - 8^" = ap"(8 - 5j), so (o-Sj^"-1 =ap"-1 orS-Oj = 0.

Therefore there are only p" different values of 8 giving the same value
n n 2

((a8p   - ap 8); p      possible S's, so all p" possible elements of GF(p") appear
72 73

as values ((a8p   — ap 8).   The inner automorphisms are certainly in /, so / is

actually transitive on any coset xP , x £ P   - P .

Computation also shows that

(a, 0, 0)-H0, j8, 0)(a, 0, 0) = (0, ß, -aß);

thus the group of inner automorphisms is transitive on cosets y(P  ) , y e (P  )

- (P8V
i    tí I ii

The automorphism <f is transitive on (P /P  )   and (P J(P  )2) , since  |(A)| =

p2" - 1 = |(Pg/P;)# | and \(Xl+p")\ = p"- 1 = |(P;/(Pg)2)# I.   // P" = 2 (mod3),

then 3 \(pn - 1) so (p" - 1, p" + 2)= 1, (p2" - 1, p" + 2) = 1, |(A2 + ̂ )| = p2" -

1 = | (P  )2 |, and (<f) is transitive on (P )2.   So in every case  (£)I is transitive on

P   - P' and P'- (P  ) ; if p" = 2  (mod 3), (f)'' is transitive on  (P )^ and hence

has only three orbits on P  .' S

4. The case when N is a p-group of class 2.

Theorem 4.1.   Let N = P ¿e zz /z'nz'ze class 2 p-group, A a solvable automor-
11

phism group of P acting with only three orbits on P .   Then we have one of the

following:

(1) P = K x L, L an elementary abelian p-group, K a nonabelian p-group of

Theorem 0.1.

(2) $(P) = P A Z(P), so P is special.   If p is odd, then P has exponent p,

unless

(3) |P|<P6 if p> 3 and \P\ < 312 if p = 3.
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All groups in (1 ), and some groups in (2) and (3) occur.

The proof of Theorem 4.1 consists of Lemmas 4.2—4.7.

Lemma 4.2.   Let A and P be as in Theorem 4.1, with  P'< Z(P).   Then P is a

group of Theorem 4.1(1).

Proof.  The three orbits of A on P# must be P - Z(P), Z(P) - P' and (P'f.

We consider four cases, depending on whether Z(P) has exponent p or p    and

whether $(P) is P ' or Z(P).

If Í>(P) = Z(P) has exponent p   , then P has exponent p  .   The main result of

[lO] tells us that we may assume p = 2.   A Hall 2'-subgroup of A will then be

transitive on (P ) , the full set of elements of order 2 in P.   The first paragraph

on p. 15 of [9] shows that P is an S.I. group as defined in [9].   The main theorem

of [9] then shows P is a Suzuki 2-group, a contradiction as all Suzuki 2-groups

are shown in [5] to have exponent 4.

If <J)(P) = P' and Z(P) has exponent p2, we find a Hall p'-subgroup H of A

transitive on   (P'f, (Z(P)/P'f and (P/Z(P)f.   Z(P)/P' is an W-invariant sub-

space of  P/P', so  P/P'= Z(P)/P' x K/P', Kan «-invariant subgroup of P.

K/P'must be W-isomorphic to (P/P')/(Z(P)/P') S P/Z(P), so W is transitive on

(K/P1) .   P = KZ(P) so P   = K , and K must be a nonabelian p-group of Theorem

0.1.   (This is true because the proof of [2] applies to any K with a p -automor-

phism group transitive on (K/K1)   and (K') .)   Fix an x £ K - K'.   If p is odd,

then x has order p, but there isa ze Z(P) with xz of order p  ; A cannot be transi-

tive on P - Z(P), the desired contradiction.   If p = 2, then x has order 4.   But

ö'(Z(P))= P'=  U^K), so there is  z £ Z(P) with z2 = x2.   Then  (xz-1)2  =
2—2—1

x z~   =1 and xz~    has order 2; A cannot be transitive on  P - Z(P), the desired

contradiction.

Suppose  O(P) = Z(P) has exponent p.   Since P has class 2, the identity

(xy)p = xpyp[y, xf^P-^''2 holds in P.    If p > 2, this means   (xy)p = xpyp and L =

UX(P) is a subgroup of P such that LP' = Z(P).   If  L O P'/ 1, then   L* =

¡x £ P I xp £ P ' i  is a characteristic subgroup of P satisfying Z(P) < L   < P, a

contradiction; so Z(P) = L x P'.   Now  (P'f, L#, Z(P) - P ' - L and P - Z(P)

ate characteristic subsets of P   and A cannot have only three orbits on P , the

desired contradiction.   If p = 2, again denote   L   = \x £ P \x    £ P  \, a character-

istic subgroup obviously satisfying Z(P) < L   < P.   A is transitive on P - Z(P),

forcing  L*= Z(P).   Transitivity of A on P - Z(P), Z(P) - P', and  (P')#  now

means that (P  )    contains no squares, all elements of Z(P) - P   ate squares,

and all elements of  P - Z(P) have order 4.   Denote  \P'\ = 2l, |Z(P)| = 2l + m,

|P| = 2 +m + ".   Each element of Z(P) - P    must be the square of k elements for

2        2
the same fixed integer k.   Since  (xz)   = x   fot all x £ P, z £ Z(P), we have
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k = 2l+ mkl, some integer k{.   We must have  | P - Z(P)| = k • |Z(P) - P' |, so

2'+77!+n _ 2l+m _ 2^+mk (2'+m - 2')

and  2   -l=/e.(2+'"-2), a contradiction.

The last three paragraphs have proved that 3>(P) = P   and Z(P) has exponent

p.   We again find a Hall p'-subgroup H of A transitive on (P/Z(P)f, (Z(P)/P'f

and (P')#.   Maschke's theorem shows   P/P A Z(P)/P'x. K/P', K an //-invariant

subgroup of P.   P= KZ(P), so P'= /A   K/K'at P/Z(P) as //-modules, so //is

transitive on (K/K'f and (K'f.   The proof of [2] shows that K is one of the

nonabelian p-groups of Theorem 0.1.  P   is an //-invariant subgroup of Z(P), so

Z(P) = P   x L, L //-invariant.  L SiZ(P)/P   as //-modules, so // is transitive on

L#.   K n Z(P) = P', so  fC n L = 1 and P = /C x L.   P is the group of Theorem

4.KD.

We now must show all groups of Theorem 4.1(1) occur.   Let B = |a e Aut(P)|a

is trivial on P/P  !; B is a normal p-subgroup of Aut(P).   Also let C =

ja e Aut(P)|a= 1 on L and a(x) £ xL for all x £ K\, and let D be a solvable auto-
< 1 #

morphism group of K transitive on K - K   and (K  ) , E a solvable automorphism

group of L transitive on L  .   An easy counting argument shows that  |C| = \L\

where  p  = \K/K |, so C and BC are p-groups.   D x E is naturally an automorphism

group of  K x L; we claim that D x E normalizes C.   Choose y £ C, (8, c) £ DxE,

x £ K, y £ L.   Then

(5, e)-V(S, e) • y = ((S"1, r')y)(((y)) = (S"1, rl)iyiAy)))

= i8-l,e-1)iAy)) = c--1iAy)) = y

and

(S, f)-y§, f) . x = ((S'1, A)y)(8(x)) = (S"1, f-'XSU)/*)

= 8-1(S(x)).i-1(/*) = x.f-1(/*) exL

(where /   e L), proving the claim.

A = BC(D x E) is a solvable automorphism group of P.   The orbits of D x E

on P# are obviously 1 x L#, (K')# x 1, (K')# x L#, (K- K')x 1, (K - K'f x L#.

Using elements of B we see that [(K')# x L#] u[l x L#] = Z(P) - P As a single

orbit of A, and using elements of C we see that  [(K - K') x L  ] U [(K - K ) x l] =

P - Z(P) is a single orbit of A.   This completes the proof of Lemma 4.2.
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Lemma 4.3.   Let A and P be as in Theorem 4.1, with  P'= Z(P).   Then P is

special (i.e., 4>(P) = P'= Z(P)).

Proof.   If the lemma is false then   1 < P' = Z(P) < <J>(P) < P, so there is a pth

power in P which is not central, say x, y £ P with [x, yp] / 1.   Since P has class

2, [x, y^] = [x, yP, and we find that P'does not have exponent p.   This contra-

diets the fact A is transitive on (P  )  .

Lemma 4.4.   Let A and P be as in Theorem 4.1, with A transitive on P - P  ,

P special and p odd.   Then P has exponent p.

Proof. Suppose not.   We can find a Hall p -subgroup H of A transitive on

P/P'.  ül(P) is a group, since p is odd and P has class 2.   If U1(P)= P', then

the fact H is transitive on  (P/P1)   implies H is also transitive on  (P'f (because

xh = y implies (xp)h = (y*)*, all i,yeP,if H).   The proof of [2] shows P is a

nonabelian p-group of Theorem 0.1.   For p odd those are all of exponent p, so

Lemma 4.4 holds in this case.
1 f 1 Ü

Therefore we may assume 13  (P) < P  .   A must be transitive  on ü (P) ,

P - P  and P  — ÎÎ  (P).   We use a (rather awkward) counting argument to show P

cannot exist,   x —» xp is a homomorphism onto O  (P) with kernel fi.(P), so

P/íí1(P)Sü1(P).    [x,yP = [x, y"] = 1 for any x, y £ P since 0!(P)< P'; this

implies P   has exponent p and Í2.(P)= P .

Let  |P/P'| = pa, and  \P'/ül(P)\ = p6, so  lu'iP)! = p" and |P| = p2a + b.

Temporarily fix x £ P - P', and denote   C* (x) = iy e P | [x, y] £ 15 \P)\, Sx =

i[x,y]|yeCP(x)|, Tx = i[x,y]|y£ PJ, |C*(x): Cp(x)| = p"° = \S J, \Tj = p' =

|P:Cp(x)|.   Here   Cp(x), S    and T    are obviously all groups, and  y —> [x, y]  is

a homomorphism inducing isomorphisms  C„(j;)/Cp(jc) = S  , P/Cp(x) S T .   Note

that for any z £ P', Cp(x)= Cp(xz), C*(x)= C*(xz), T   =T    , S   = 5    .
' '       P f P^ Pv       "      X xz'     X xz

Since A is transitive on P' -15 (P), P' -Ü  (P) consists of commutators and

we have  P' - 0 l(P) = \Jx£ p_ p AT x - S J.   Assume w £ P' - U '(P) lies in Tx -

5x for fe different values of   x £ P - P' ; k is independent of the choice of w.

Since   T   - S   = T      -5      for all x e P - P', z e P ' we have   IP ' I = pa + b a
X X X Z X Z lie

divisor of k, say  k = pa + hkv   The union shows that  k\P'-ül(P)\ = \P - P'\ ■

\TX-Sx\, so

pa+hkl(pa+b - pa) = (p2a+b - pa+b)(p< - p"0),

a ç.

implying that p   divides p  - p    .   This is impossible since

p"0 <p' = |P:Cp(x)| < \P: P'\ =p«.
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Lemma 4.5.   Let A and P be as in Theorem 4.1, with A transitive on  (P') , P

special and p odd.   Then either P has exponent p, or U   (P) = P' < O.(P).

Proof. 0(P)= P', so U!(P)< P'.   If Ö!(P)/ P', then transitivity of A on

(P')   implies 0   (P) = 1, P has exponent p.   We may therefore assume ül(P)= P'.

Í2 (P) is a characteristic subgroup with  P'< fl  (P) < P; P  = ß (P) would con-

tradict the main theorem of [l 0].

Lemma 4.6.   Let A and P be as in Lemma 4.5, with U1(P)= P'< Oj(P).   //

fi.(P) is abelian, then P does not exist, except under the conditions of Theorem

4.1(3).

Proof.  Here the orbits of A on P# are P - flj(P), Sl^P) - P' and (P')#.   We

can find a Hall p'-subgroup // of A transitive on (P/Qj(P))#, (flj(P)/P')# and

(P')#, and then an //-invariant subgroup K with P/P A Oj(P)/P A K/P', //

transitive on  (K/P1)".   The facts   K'< P'and /7 transitive on (P'r imply that

K  = P   or K  = 1.   K  = P   would make K a nonabelian p-group of Theorem 0.1

with p odd and exponent p ; no such groups exist, so  K   = 1 and K is abelian.

P= KQj(P), so Ü1(K) = Ü1(P)= P'.   Transitivity of H on (K/flj(K))# andö^KJ*

implies that K is homocyclic of exponent p .

Maschke's theorem also enables us to conclude that fi.(P)= P   x L,  L H-

invariant, H transitive on L  .   We have   P = KL, K<1P, K D L = 1.   Suppose

h £ H acts trivially on   K/P .   Then h is trivial on K, and for any x £ K, y £ L

we have

[x, y] = [x, y}h = [xh, yh] = [x, yh],

so

[x, yV1] = k yèlk y-1! = t», yAlU, yl"1 = i.

Thus  yV1 e CL(K)< Z(P); but   L O Z(P) = 1, so  yV = l,yh = y,h=l.   We

conclude that // acts faithfully on   K/P .   The map x —> xp is an //-isomorphism

between K/P ' and P .

Suppose first that H acts on K/P   as a group of semilinear transformations,

and denote   \K\ = p2m, \L\ = p".   Then there is (£)<!//with |<£>| dividing pm - 1

and (pm - l)/(m, pm - 1) dividing |(f )|.   H is a primitive linear group on  K/P ,

so  K/P   is a direct sum of isomorphic irreducible ((f)-modules, say of order p .

Then   |(^)| divides p  - 1.   Lemma 1 of [2] implies that I = m, except possibly

when 772 = 2; in that case  / = 1 would mean |//| < 2 \{ç)\ < 2(p -l)<p   -1 =

\(K/P') |, a conttadiction.   Therefore in all cases  / = m and (zf ) is irreducible on

K/P'.   If A is one eigenvalue of f on K/P', then  |(A)| = |(tf)|;  we choose a



SOME HIGHLY HOMOGENEOUS GROUPS 297

conjugate basis  uQ, u  ,-, zz   _ j f or (K/P') ® GF(pm) and see that \X, Xp ,• • ■ ,

Xp        j  is the full set of eigenvalues of f on K/P', with  u.£ = Xp u ..   K/P   is

(^)-isomorphic to P , so ¿; has the same set of eigenvalues on P .

H is also a primitive linear group on L, so L is a direct sum of isomorphic

irreducible (rf)-modules, say of order pr.   If p is one of the eigenvalues of f on L,

then p, pp, • • •, pp        is the full set of eigenvalues of f on L.   If vQ, v .,• • •,

v is a conjugate basis for ¿; on an irreducible (f)-submodule of L, then v.rf =

pp v..   ¿j | ,  has order |(p)|5 a divisor of  |(£)|, so p = A   for some integer /.   We

have

[u.,v.]¿; = [XpÍu.,ppÍv] = XpÍpp'[u., v),

so either  [zz., v.] = 0 or Xp'ppl £¡X,XP,---, Xpm"\.   Xpl pp' = Xpl + tp\ so the

latter condition forces

p' + tp'^pk    (mod|(£)|)

for some k.

If m < 2, then  |//| < 2(p2 - 1) < p3 - 1, so   |L| < p2 and |P| < p6, one of the

conditions of Theorem 4.1(3).   If m > 2 and r < m, then by Lemma 1 of [2] there is

aprime q, q\(pm - 1 ) and q \ (ps - 1) for s < m.   Since A'^-1^ 1 and q \ |(A)|,

we have q | z".   The congruence p1 + tp' = p    (mod \(0 \) then yields p' =

p    (modo) or a | (p'  ~ 'I- 1), a contradiction.

So assume m > 2 and r = m; then  |f/| < z7z(pm - 1) < p     - 1, so (O is irre-

ducible on L.   Since some  [u., v.] / 0, we can choose z'   with [zz. , vA/= 0

(apply a Galois automorphism of GF(pm) to [zz., f .] ^ 0 repeatedly, using the fact

the  zz.'s and iz.'s  are conjugate bases).   Then our   congruence becomes

p° + t=pk°    (modKOD,

and p = A   =AP    ""      is a power of Ap     .   By Hilfssatz II.3.H of [6], H | L is a

group of semilinear transformations of L.   Both the multiplications by powers of p

and the Galois automorphisms of GF(pm) fix the proper subset 5 = ¡y £ GF(pm)\

y(pm-l)/(î,-l)= n of GF(p™ft so w cannot be transitive 0n L#, the desired

contradiction.

If H does not act on   K/P   as a group of semilinear transformations, then [7]

shows that  |K/P'| 6 Í32, 52, 72, ll2, 232, 34!; in fact [7] describes the possible
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groups H.   Since H must be transitive on L  , it is obvious that all possible groups

P = KL satisfy the conditions of Theorem 4.1(3).

Lemma 4.7.   Let A and P be as in Lemma 4.5, with 7JI(P)= P'< fij(P).   //

Í2.(P) is nonabelian then P does not exist, except under the conditions of Theo-

rem 4.1(3).

Proof.   The first paragraph of the proof of Lemma 4.6 also applies here, show-

ing  P = Kfij(P), K homocyclic abelian of exponent p2 with ül(K) = P'.   iij(P)

must be one of the nonabelian p-groups of Theorem 0.1.   If fi,(P) is the group of

Theorem 0.1(vii)then  \P\ = p  , satisfying Theorem 4.1(3).   Otherwise, since p is

odd P must be the group of Theorem O.l(vi), and   |fij(P)| = p3", \P'\ = p", \K\ =

p ", \P\ = p  ".   Since the conditions of Theorem 4.1(3) apply otherwise, we may

assume n > 2 and if p = 3 then n > 2.   A Hall subgroup H of A can be found fixing

K and transitive on (K/P'f, (fij(P)/P')# and (P'f.   H must act on 0,(P)/P' as

a group of semilinear transformations, so there is a cyclic group (¿j) <3//; if we

denote  /= |(f)|, then /divides p2" - 1, (p2" - l)/(2«, p2" - 1) divides /, and

there is A £ GF(p ") with |(A) | =* /.   A, A  , • • •, Ap are the distinct eigenvalues

of f oniij(P)/P',and the proof of [2] shows A1 +p", Ap(1 + P" A .. f Ap"~ ' (1 + pn)

are the eigenvalues of <f on P .   Since x —► xp induces a (<f /-isomorphism from

K/P   to P  , these are also the eigenvalues of (¿;) on K/P .

We let v0, v.,...,v  _.  be a conjugate basis of (K/P') ® GF(p    ) adapted

to çf and uQ, u.,'• •, u2      ,   a conjugate basis of (flj(P)/P') ® GF(p) adapted

to <f, so v .£ - \p     +p   'v. and zz.f = Xp u ..   The commutator map [ , ] : K/P' x

ííj(P)/P' ->P' must satisfy

[v., Uj]^[\pl^+p\., A"V] = X»^1*»")*»'^ „.].

k i, 72 .

The only eigenvalues of f on P   have form Ap p     for some k.   Since some

[v., U.]¿ 0, we must have  A^1 +p">+p7 = AP*(I +p"' and thus

(*) p¿ + p,+n + pf = pfe + pfe+"    (mod /).

We pause to prove a number-theoretic

Lemma 4.8.  There does not exist an odd prime p, positive integers n, a  , a

a     a     and signs  e     e,, e   , e    £ \±1\ such that 2n > a^ > a2 > a   > a^ > 0 íJ72¿
t ai aT ai aA

p^" - 1 divides 2n(p     + e2p   A e3p   5 + e4p  4 + e5).

Proof.  Denote t?z = (2tz, p2" - 1); the hypothesis implies  n > 3 and
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(p   1 + e  p   2 + e,p   3 + e  p  4 + e  ) = Kp2" - D' 2?       T "-JC       T c4f       -r c jz

for some integer t, 0 < t < m.   Thus  í + em = 0 (mod p     ), forcing p     < 2m.

Denoting t + e ,m = p    t. with 0 < |z". | < m, we get

a. zz, a~ a ? a, -,
-p 4/j = m(p     + e2p      + e3p  s + e4p  4)    (mod p"2").

Dividing  by  p     , this forces  t. + e ,m = 0 (mod p ), so p < 2zzz.   Con-
a   -a, ai-a2 2n-a.

tinuing this process shows p < 2m, p < 2t7z, p < 2m.   Therefore

p2"< (2m)5.

In particular, p " < (2 • 2zz)   = 2    72 .   This inequality alone implies

pn e!33,3\ 35, 36, 37, 38, 53, 54, 73|;

checking the inequality  p  " < (2m)    in these cases shows that actually

p" £ Í3  , 3  , 5  , 5  , 73!.   We complete the proof of the lemma in these cases by

repeating the argument of the previous paragraph with specific values of p and n,

finding that no values of the a. and e . ever work.

We now resume the proof of Lemma 4.7. Lemma 4.8 shows that the congru-

ence (*) can never occur when the numbers i, i + n, j, k, k + n are all different.

If they are not all different, the facts 0 < z < 72, 0 < 7 < 2n, 0 < k < n imply that

one of the following cases must hold.

Case I:  i = k.

Case II: ; = k.

Case III: j = k + n.

Case IV:  i = j.

Case V:  i + n = ;'.

We consider the congruence (*) in each of these five cases, using the facts

/|(p2"- l)and (p2"-l)|2n/.

Case I. If i - k, then i + n = k + n and (*) reduces to p1 = 0 (mod /), / | p',

a contradiction.

We pause to prove a number-theoretic

Lemma 4.9.   There does not exist an odd prime p, positive integers n, a  , a  ,

and signs e  , e    £ \±l\ such that 2n > a   > a    > 0 and p " - 1 divides
a a

2n(p     + e2p  l + e3).

Proof.  If m = (2zz, p2n - 1), then we have  m(p   l + e2p  2 + e?)= t(p2n - 1)

for some  0 < t < m.   As in the proof of Lemma 4.8, we get p " < (2m) .   72 > 2, so

the only solutions of p2" < (2 • 2zz)3 are p" £ |32, 33!; p" = 33 does not satisfy
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p " < (2tt2) , so p" = 3  .   It is easy to check that no solution exists when p" = 32.

We now complete the proof of Lemma 4.7.

Case II.  Here (*) reduces to

pi + p'+* _ pk+n m Q    (mod z))

impossible by Lemma 4.9 for i, i + n, k + n all different.   If they are not all

different, i + n = k + n and /1 p', a contradiction.

Case III.  Here (*) reduces to

p¿ + p!+" _ p* = 0    (mod /),

impossible by Lemma 4.9 for z, i + n, k all different.   If they are not all different,

i = k and l\p' + n, a contradiction.

Case IV.  Here (*) reduces to

2p< + pi+n - pk - pk+n = 0    (modi).

We treat separately the cases  i = k, i < k and i > k.   If i = k then l\pl, a contra-

diction.   In the other two cases we get a contradiction by imitating the proof of

Lemma 4.8.

Case V.  Here (*) reduces to

pi + 2p¿+" - pk - pk+n = 0    (mod /).

We get a contradiction in the same way as in Case IV.
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